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Abstract.     In this paper, Genetic Algorithms (GAs) are deployed for multi-objective Pareto optimal 
design of Group Method of Data Handling (GMDH)-type neural networks that have been used for 
modelling of a nonlinear system. In this way, GAs with a specific encoding scheme is firstly presented 
to evolutionary design of the generalized GMDH-type neural networks in which the connectivity 
configurations in such networks are not limited to adjacent layers. Multi-objective GAs with a new 
diversity preserving mechanism are secondly used for Pareto optimization of such GMDH-type neural 
networks. The important conflicting objectives of GMDH-type neural networks that are considered in 
this work are, namely, Training Error (TE), Prediction Error (PE) and Number of Neurons (N) of such 
neural networks. It is shown that the obtained non-dominated Pareto points are inclusive of those 
which can be found using Akaike’s Information Criterion (AIC) for both training and prediction errors 
.Moreover, an important trade-off can be discovered by such Pareto optimum approach to the design 
of GMDH-type neural networks which helps a designer to select a network compromisingly. 
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1 Introduction 
 
Group Method of Data Handling (GMDH) algorithm is a self-organizing approach by which gradually 
complicated models are generated based on the evaluation of their performances on a set of multi-
input-single-output data pairs   (i=1, 2, …, M). The GMDH was first developed by Ivakhnenko [1] as a 
multivariate analysis method for complex systems modelling and identification. In this way, GMDH 
was used to circumvent the difficulty of knowing a priori knowledge of mathematical model of the 
process being considered. Therefore, GMDH can be used to model complex systems without having 
specific knowledge of the systems. The main idea of GMDH is to build an analytical function in a 
feedforward network based on a quadratic node transfer function [2] whose coefficients are obtained 
using regression technique [3]. In recent years, however, the use of such self-organizing networks 
leads to successful application of the GMDH-type algorithm in a broad range of areas in engineering, 
science, and economics [3-5]. 

The inherent complexity in the design of feedforward neural networks in terms of understanding 
the most appropriate topology and coefficients has a great impact on their performance. There have 
been extensive efforts in recent years to deploy population-based stochastic search algorithms such as 
evolutionary methods to design artificial neural networks since such evolutionary algorithms are 
particularly useful for dealing with complex problems having large search spaces with many local 
optima [3]. A very comprehensive review of using evolutionary algorithms in the design of artificial 
neural networks can be found in [6]. Recently, genetic algorithms have been used in a feedforward 
GMDH-type neural network for each neuron searching its optimal set of connection with the preceding 
layer [5]. In this reference, authors have proposed a hybrid genetic algorithm for a simplified GMDH-
type neural network in which the connection of neurons are restricted to adjacent layers. All these 
methods devised previously have been based on single objective optimization process in which either 
training error or prediction error selected to be minimized with no control of other objectives. In order 



97

to consider the complexity of such networks, a Minimum Description Length (MDL) approach has 
been used in [iba] to involve a tradeoff between fitness of training error and the number of parameters 
in the network (complexity). Recently, Akaike’s Information Criterion (AIC) for prediction error of the 
network has been used in [7] to tradeoff such objective functions in the design of a revised GMDH-
type neural network. However, in order to obtain more robust models of such complex process, it is 
required to consider all the non-commensurable conflicting objectives, namely, training error (TE), 
prediction error (PE) and number of neurons (N) (representing the complexity of the models) be 
minimized simultaneously in the sense of multi-objective Pareto optimization process. The obtained 
Pareto front shown in different plane of those objectives would visualize the existed tradeoffs which, 
therefore, help the designer to compromise and choose the appropriate network.  

In Multi-objective optimization problems (MOPs), there are several objective or cost functions (a 
vector of objectives) to be optimized (minimized or maximized) simultaneously. These objectives 
often conflict with each other so that improving one of them will deteriorate another. Therefore, there 
is no single optimal solution as the best with respect to all the objective functions. Instead, there is a set 
of optimal solutions, known as Pareto optimal solutions or Pareto front [8-9] for multi-objective 
optimization problems. A very good and comprehensive survey of these methods has been presented in 
[9]. In addition to its popularity and effectiveness, NSGA-II [8] has been modified in [10] to enhance 
its diversity preserving mechanism which will be used in this work. 

In this paper, EAs with a new encoding scheme are used to evolutionary design the generalized 
structure GMDH-type (GS-GMDH) neural networks in which the connectivity configuration in such 
networks is not limited to adjacent layers for modelling and prediction of a nonlinear system. In this 
way, multi-objective EAs (non–dominated sorting genetic algorithm, NSGA-II) with a new diversity 
preserving mechanism are applied for Pareto optimization of such GS-GMDH-type neural networks. 
The important conflicting objectives of the GS-GMDH neural networks that are considered in this 
work are, namely, training error (TE), prediction error (PE) and number of neurons (N). The total 
numbers of randomly generated data are 100 from which 50 are randomly used for evaluations of TE 
whilst the remaining 50 data are used for evaluation of PE. All these 3 conflicting objectives are 
considered in a 3-objective optimization process which consequently leads to a complete Pareto set of 
solutions of GMDH-type neural networks models. It is shown that AIC formulation either for training 
error or for prediction error will coincide to only two non-dominated optimum points obtained from 
such Pareto approach of GMDH-type neural networks. The results of this work demonstrate that some 
useful and informative design concepts regarding the optimal choices of models can be unveiled by the 
combination of GMDH-type neural networks and multi-objective EAs. 

2 Modeling Using GMDH Neural Networks 
  
By means of GMDH algorithm a model can be represented as set of neurons in which different pairs of 
them in each layer are connected through a quadratic polynomial and thus produce new neurons in the 
next layer. Such representation can be used in modelling to map inputs to outputs. The formal 

definition of the identification problem is to find a function f̂ so that can be approximately used 

instead of actual one,f  in order to predict output ŷ  for a given input vector ),...,3,2,1( nxxxxX =  as 
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General connection between inputs and output variables can be expressed by a complicated discrete 
form of the Volterra functional series in the form of 
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where is known as the Kolmogorov-Gabor polynomial [2]. This full form of mathematical description 
can be represented by a system of partial quadratic polynomials consisting of only two variables 
(neurons) in the form of 
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In this way, such partial quadratic description is recursively used in a network of connected neurons to 
build the general mathematical relation of inputs and output variables given in equation (4). The 

coefficients ia  in equation (5) are calculated using regression techniques [1-3] so that the difference 

between actual output,y , and the calculated one,ŷ  for each pair of ( ix , jx ) as input variables is 

minimized. Indeed, it can be seen that a tree of polynomials is constructed using the quadratic form 
given in equation (5) whose coefficients are obtained in a least-squares sense. In this way, the 

coefficients of each quadratic function G are obtained to optimally fit the output in the whole set of 

input-output data pair, that is 
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In the basic form of the GMDH algorithm, all the possibilities of two independent variables out of total  
n  input variables are taken in order to construct the regression polynomial in the form of equation (5) 
that best fits the dependent observations iy( , i=1, 2, …, M) in a least-squares sense. Consequently, 
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Using the quadratic sub-expression in the form of equation (5) for each row of M data triples, the 
following matrix equation can be readily obtained as 

YA =a ,                                                                         (7) 

where a  is the vector of unknown coefficients of the quadratic polynomial in equation (5) 
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is the vector of output’s value from observation. It can be readily seen that 
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The least-squares technique from multiple-regression analysis leads to the solution of the normal 
equations in the form of 

YAAA TT 1)( −=a ,                                                       (11) 
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which determines the vector of the best coefficients of the quadratic equation (5) for the whole set of 
M data triples. It should be noted that this procedure is repeated for each neuron of the next hidden 
layer according to the connectivity topology of the network. However, such a solution directly from 
normal equations is rather susceptible to round off errors and, more importantly, to the singularity of 
these equations. 
 
2.1. Application of SVD to the design of GMDH-Type neural networks  

The SVD of a matrix, 6×ℜ∈ MA  is a factorisation of the matrix into the product of three matrices, 

column-orthogonal matrix 6×ℜ∈ MU , diagonal matrix 66×ℜ∈W  with non-negative elements 

(singular values), and orthogonal matrix 66×ℜ∈V  such that 

TVWUA =                             .                                  (12) 

The problem of optimal selection of vector of the coefficients in equations (7) (11) is firstly reduced to 
finding the modified inversion of diagonal matrix W [11] in which the reciprocals of zero or near zero 
singulars (according to a threshold) are set to zero. Then, such optimal a  is calculated using the 
following relation 

YTUwdiagV
j
)]/1([=a              .                          (13) 

Such parametric identification problem is part of the general problem of modelling when structure 
identification is considered together with the parametric identification problem simultaneously. In this 
work, an encoding scheme developed by authors [10] is used in an evolutionary approach for 
simultaneous determination of structure and parametric identification of GMDH neural networks. 
 
2.2  Application of GA in the topology design of GMDH-Type neural networks 
GAs as stochastic methods are commonly used in the training of neural networks in terms of associated 
weights or coefficients and have successfully performed better than traditional gradient-based 
techniques [5]. The literature shows that a wide range of evolutionary design approaches either for 
architectures or for connection weights separately, in addition to efforts for them simultaneously [6]. In 
the most GMDH-type neural network, neurons in each layer are only connected to neurons in its 
adjacent layer as it was the case in Methods I and II previously reported in [5]. Taking this advantage, 
it is possible to present a simple encoding scheme for the genotype of each individual in the population 
[12]. The encoding scheme in generalized GMDH (GS-GMDH) neural networks must demonstrate the 
ability of representing different length and size of such neural networks and is now presented in 
summary. 
 

a● 
   ●ab 

b●    ●abbc 
   ●bc     

c●      ● 
   ●ad   abbcadad 

d●  

Fig. 1. A GS-GMDH network structure of a chromosome 
 

In figure 1, neuron ad in the first hidden layer is connected to the output layer by directly going 
through the second hidden layer. Therefore, it is now very easy to notice that the name of output 
neuron (network’s output) includes ad twice as abbcadad. In other words, a virtual neuron named adad 
has been constructed in the second hidden layer and used with abbc in the same layer to make the 
output neuron abbcadad as shown in the figure 1. It should be noted that such repetition occurs 
whenever a neuron passes some adjacent hidden layers and connects to another neuron in the next 2nd, 
or 3rd,or 4th,or … following hidden layer. In this encoding scheme, the number of repetition of that 

neuron depends on the number of passed hidden layers, ñ, and is calculated asñ2 . It is easy to realize 
that a chromosome such as abab bcbc, unlike chromosome abab acbc for example, is not a valid one in 
GS-GMDH networks and has to be simply re-written as abbc. 
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Fig. 2. Crossover operation for two individuals in GS-GMDH networks 

 
 
 

 

 
 
 
 
 
 
 
 

 
 

Fig. 3. Crossover operation on two GS-GMDH networks 
 
2.3  Genetic Operators for GS-GMDH Network Reproduction 
 
The genetic operators of crossover and mutation can now be implemented to produce two offsprings 
from two parents. The natural roulette wheel selection method is used for choosing two parents 
producing two offsprings. The crossover operator for two selected individuals is simply accomplished 
by exchanging the tails of two chromosomes from a randomly chosen point as shown in figure 2. It 
should be noted, however, such a point could only be chosen randomly from the 

set }2...,,2,2{ 121 +ln
 where nl is the number of hidden layers of the chromosome with the smaller 

length. It is very evident from figures 2 and 3 that the crossover operation can certainly exchange the 
building blocks information of such GS-GMDH neural networks. In addition, such crossover operation 
can also produce different length of chromosomes which in turn leads to different size of GS-GMDH 
network structures. Similarly, the mutation operation can contribute effectively to the diversity of the 
population. This operation is simply accomplished by changing one or more symbolic digits as genes 
in a chromosome to another possible symbol, for example, abbcadad to abbccdad. It should be noted 
that such evolutionary operations are acceptable only if a valid chromosome is produced. Otherwise, 
these operations are simply repeated until a valid chromosome is constructed. 
 

3 Multi-objective optimization 
 
Multi-objective optimization which is also called multicriteria optimization or vector optimization has 
been defined as finding a vector of decision variables satisfying constraints to give optimal values to 
all objective functions [8-10]. In general, it can be mathematically defined as: 

find the vector [ ]T*
nx,...,*

2x,*
1x*X = to optimize 

[ ]T(X)kf(X),...,2f(X),1fF(X) = ,                                   (14) 

subject to m inequality constraints 
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where nℜ∈*X  is the vector of decision or design variables, and kℜ∈F(X)  is the vector of 

objective functions. Without loss of generality, it is assumed that all objective functions are to be 
minimized. Such multi-objective minimization based on the Pareto approach can be conducted using 
some definitions: 
 
Definition of Pareto dominance 

A vector [ ] k
ku,...,2u,1uU ℜ∈=  dominates to vector [ ] k

kv,...,2v,1vV ℜ∈=  (denoted by VU p  

) if and only if }{ k,...,2,1i ∈∀ , iviu ≤  ∧ }{ k,...,2,1j ∈∃  : ju < jv . It means that there is at least one 

ju  which is smaller than jv  whilst the restu ’s are either smaller or equal to corresponding v ’s. 

 
Definition of Pareto optimality 

A point Ω∈*X  ( Ω  is a feasible region in nℜ  satisfying equations (15) and (16)) is said to be 

Pareto optimal (minimal) with respect to all Ω∈X  if and only if F(X))*F(X p . Alternatively, it can 

be readily restated as }{ k,...,2,1i ∈∀  , }*X{X −Ω∈∀  (X)if)*(Xif ≤  ∧ }{ k1,2,...,j ∈∃  : 

(X)jf)*(Xjf < . It means that the solution *X  is said to be Pareto optimal (minimal) if no other 

solution can be found to dominate *X  using the definition of Pareto dominance. 
 
Definition of Pareto front 

For a given MOP, the Pareto front ƄŦ ٭is a set of vectors of objective functions which are obtained 

using the vectors of decision variables in the Pareto set Ƅ٭, that is, 

ƄŦ٭ ∈== X:(X))kf....,(X),2f(X),1(fF(X){ Ƅ٭}. Therefore, the Pareto front ƄŦ ٭is a set of the vectors 

of objective functions mapped from Ƅ٭.  
Definition of Pareto Set 

For a given MOP, a Pareto set Ƅ ٭is a set in the decision variable space consisting of all the Pareto 
optimal vectors, Ƅ٭ |ΩX ∈= { ∄ }F(X))XF(:ΩX p′∈′ . In other words, there is no other X ′  in 

Ω that dominates any X ∈Ƅ٭ in terms of their objectiove functions. 
 

4  Modelling of a Nonlinear System using Multi-objective GMDH 
neural networks  

The input–output data used in such modelling involve 100 data pairs randomely generated from a 
nonlinear system with three inputs x1, x2, x3, and a single output y given by 

)1.5
3

x.1
2

x5.0
1

x(1y −+−++= ,                                         1 ≤ x1, x2, x3≤ 5          . ( 17) 

There are 50 pattern numbers which have been randomly selected from those data pairs to train 
such GMDH–type neural networks. However, a testing set which consists of 50 unforeseen input-
output data samples during the training process, is merely used for testing to show the prediction 
ability of such evolved GMDH-type neural network models during the training process. 

 
The GMDH-type neural networks are now used for such input-output data to find the polynomial 

model of y in such nonlinear system process with respect to their input parameters. In order to design 
GMDH-type neural network described in previous section from a multi-objective optimum point of 
view, a population of 60 individuals with a crossover probability of 0.95 and mutation probability of 
0.1 has been used in 250 generation that no further improvement has been achieved for such 
population size. A multi-objective optimization of GMDH-type neural networks including all three 
objectives can offer more choices for a designer. Figure 4 depicts the non-dominated points of 3-
objective optimization process in the plane of (TE-PE). It should be noted that there is a single set of 
non-dominated points as a result of 3-objective Pareto optimization of TE, PE and N that are shown in 



102

that plane. Therefore, there are some points in the plane that may dominate others in the case of 3-
objective optimization. However, these points are all non-dominated when considering all three 
objectives simultaneously. By careful investigation of the results of 3-objective optimization in that 
plane, the Pareto front of the corresponding 2-objective optimization (TE-PE) can now be observed. In 
this figure, points A and B stand for the best (TE) and the best (PE), respectively. The corresponding 
values of errors, number of neurons, and the structure of these extreme optimum design points are 
given in table 1. 
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Fig. 4. Prediction error variation with training error in 3-objective optimization. 

 
 Clearly, there is an important optimal design fact between these two objective functions which 
has been discovered by the Pareto optimum design of GMDH-type neural networks. Such important 
design fact could not have been found without the multi-objective Pareto optimization of those 
GMDH-type neural networks. From figure 4 points C is the point which demonstrates such important 
optimal design fact. Point C in the Pareto front of optimum design of TE and PE, exhibits small 
increase in the value of TE in comparison with that of point A whilst its PE shows significant 
improvement (about 150 times better prediction error). Therefore, point C could be a trade-off 
optimum choice when considering the minimum values of both PE and TE simultaneously. The 
structure and network configuration corresponding to point C is shown in figure 5. 

  
Fig. 6. The network’s structure of point C in which a, b, c and d stand for x1, x2, x3 respectively. 

 
 In order to compare these results, AIC [13][7] has been used both for training and testing data 
in two different single objective optimization processes. AIC is defined by  
 
AIC = n loge (E) + 2 (N+1) + C (18) 
where E, the mean square of error,  is computed using equation 6 , N is the number of neurons, n is 
number of training/testing error, and C is a constant. 
 
Tab.1. Objective functions and structure of networks of different points shown on figure 4. 

 Network’s chromosome 
No. of 

Neurons 
Training  

error 
Prediction 

error 
Point A bbbbbbbbaabcabab 5 0.000545619 0.097273886 

Point B bbbbabacbbabaaaa 7 0.004518445 0.015062286 

Point C bbbbbbbbaabcabac 7 0.000938418 0.038422696 
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Therefore, two optimum points have been found using AIC and are shown in figure 4. Clearly, these 
two points coincide with the points A and B correspondingly. It is then evident that the Pareto 
optimum design of GMDH-type neural networks presented in this paper are inclusive of those obtained 
by AIC and also presents more effective way of choosing trade-off optimum models with respect to 
conflicting objective functions. It should be noted that point C could be achieved by a proper 
weighting coefficients (which is not know a priori) of prediction and training errors using AIC in only 
convex programming problems.    
 

5 Conclusion 
 
Genetic algorithms have been successfully used for multi-objective Pareto based optimization of 
generalized GMDH-type neural networks used for modelling and prediction of a nonlinear system. 
Such multi-objective optimization led to the discovering of useful optimal design principles in the 
space of objective functions. In this work, the important conflicting objective functions of GMDH-type 
neural networks have been selected as Training Error (TE), Prediction Error (PE) and Number of 
Neurons (N) of such neural networks. In addition to discovering the trade-off optimum points, it has 
been shown that the Pareto front obtained by the approach of this paper involves those that can be 
found by Akaike’s Information Criterion which thus exhibits the effectiveness of the Pareto optimum 
design of GMDH-type neural networks presented in this paper.  
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